Several lattices of topologies on an infinite set are considered and bounds are given for the sup of the set of cardinals d such that there is a family of d mutually complementary topologies. Large classes of N<rtopologies are shown to have No-complements, and an example is given to prove that complementation is not, in general, a very selective topological operation.
FAMILIES OF MUTUALLY COMPLEMENTARY TOPOLOGIES B. A. ANDERSON1
Abstract. Several lattices of topologies on an infinite set are considered and bounds are given for the sup of the set of cardinals d such that there is a family of d mutually complementary topologies. Large classes of N<rtopologies are shown to have No-complements, and an example is given to prove that complementation is not, in general, a very selective topological operation.
1. Introduction. An example was given in [l ] of three mutually TVcomplementary topologies on a denumerable set and the question was raised as to how many mutually 7Vcomplementary topologies an infinite set can carry. In [2] it was shown that every infinite set carries a collection of three mutually 7Vcomplementary topologies. If L is a nonempty complete lattice, let us define the complementary width of L (see [3, p. 98] ), w*(L), to be the sup of the set of cardinals d such that L has a family of d mutually complementary elements. One result of this paper is that if X is an infinite set and L is one of several important lattices of topologies on X, then |^"j ^w*(L) 2|jr|. Schnare [8] [2] can be carried over to another noncomplemented lattice of topologies; namely, the lattice of No-topologies. This is done by showing that the complements exhibited in [2] are actually Fréchet topologies.
Lastly, an example is given to show how topologically undiscerning complementation is. It turns out that one topology can be complementary to topologies whose local properties of most points are completely arbitrary. If X is an infinite set, 2 will denote the lattice of all topologies on X, II the lattice of principal topologies on X, A the lattice of Pi topologies on X, Ao the lattice of N0-topologies on X and Ac the lattice of topologies such that every countable set is closed.
The author wishes to thank the referee for several suggestions which have helped to streamline the paper.
Mutually complementary
topologies. Let us show that \X\ ¿w*(A) ¿2ixK Then it will be easy to suitably modify the construction to get the same result for 2, II, A0 and Ac. We begin with a settheoretic result which says, intuitively, that if F is a set such that | Y\ = d ^ N0, then Y can be split into halves d ways such that if x in Y and a particular splitting of Fare given, then there is a unique z in Y such that x and z are in the same half of the particular splitting of Y, but in different halves for every other splitting. The following notation will prove helpful. Suppose Y is the union of nonempty pairwise disjoint sets F"0 and Yai-For each x in Y, let Fat(I) be the "half" of Y that contains x and let Ya¡(.X) be the other "half" of Y. Proof. Let IF be a set with cardinal d and suppose F is the set of all functions from W into {0, 1}. Then | p| = 2d. There is a subset S of P that allows us to split F in the required ways.
Suppose Si = {/£ F: |/_1( {1} ) I is finite}, where we interpret zero as a finite cardinal, and So is defined similarly with respect to 0. If S = So^JSi, then since So and Si may be considered as coordinatizing the finite subsets of W, it is clear that \S\ =d. If fES and wEW, define /" to be that element of F which agrees with f at w and disagrees with/ everywhere else. Certainly iifES then fwES. Now, for each w in W, split S into "halves" by the definition Smi= {fES:f(w) = *}; ¿ = 0,1.
Our choice of 5 insures that none of these sets is empty. If / in 5 and w in W are given, then / belongs to one and only one of Sw0 and Sw\. Furthermore,/« belongs to the same "w-half" of 5 as/, but if vEW -{w}, then/w and/ are in different "u-halves". Moreover, it is clear that fw is the only element of 5 with this property. Since there exist one-to-one mappings between 5 and Y and between W and Í2, the lemma follows.
It is easy to see that this is the best possible result. For suppose |fi| >d but the conclusion still holds. Pick x in Y and define the function <px:Q,-*Y by letting <px(a) be the unique z in Y that is the same "a-half of Y as x, but in the other "half" of Y, for any ß in fl-{a]. It is obvious that <px is one-to-one.
This contradicts the supposition on the cardinality of Í2. There is a unique y in F such that xEXy and therefore by Lemma 1, there is a unique v in Y associated with y and y. We make the definition License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Lemma 2 will be verified if it can be shown that for any two distinct elements 7 and p of Í2, P7 and T" are Pi-complements. This means that sup{ Ty, Tp\ must be discrete and inf { P7, Tp\ must be the cofinite topology. If xEX, then there is a unique y such that xEXy and yEYyir\Ypj, i, j = 0, 1. First we show that {x} E sup j T7, T"}. If xEEy^JEp, this is clear, since these sets are isolated in their respective topologies. If xE(Ayi -Ep), then by (5) Suppose now that UETyC\Tp and Utí0.
We have noted previously that such a U must intersect Ey and Ep. Pick x such that xEU (~\Ey. If xEApi, then U contains a cofinite subset of Bpi. Lemma 1 implies that each "half" of a splitting of F contains points in both "halves" of any other splitting. Thus, any cofinite subset of Bpi must contain points in Ay0 and Ayi. Hence U contains cofinite subsets of Byo and P7i and U is cofinite in X. If xEAPi, then by (6), xE(E? JAPoVJA"i), and U must contain a cofinite subset of Cxp. But there is a y such that Cxp contains £",7,P. Therefore, there is aj,j = 0, 1, such that CxpC\Ayi is infinite. This means that U contains a cofinite subset of Byj and hence contains points of Ap0 and ^4Pi and must contain cofinite subsets of B"o and B"\.
One more fact about the topologies defined in Lemma 2 will prove useful. Recall that Fréchet topologies are those topologies with the property that a point is in the closure of a set iff there is a sequence in the set converging to the point. Proof. The upper bound on w*(L) is easily obtained since X has 2|X| subsets and the complementation conditions force each topology in a family of mutually complementary topologies to contain sets not in any other topology of the family. In the case of IT, this upper bound is no restriction at all, since X has only 2|jr| principal topologies [8] . This is also true of A0, if X has cardinal at least c [7] . Lemma 2 established the lower bound for A. A simple modification of the definition of Ty in Lemma 2 will give us the result for 2. Merely change "cofinite subsets of Byo and Byi" to uBy0 and 5Tl". The argument of Lemma 2 now shows that if y^p, then inf {Ty, Tp] is the indiscrete topology. Note also that the modified Ty's clearly have the property that each point is contained
in a minimal open set. Thus [9, Theorem 2.3] each modified Ty is a principal topology and the theorem is proved for IT. Theorem 1 of [7] states that a topology is an No-topology iff every nonclosed set contains a countably infinite subset with an accumulation point lying outside the set. Clearly every Fréchet 7\ topology is an N0-topology. Therefore, Lemmas 2 and 3 show that | X | ^ w* (A0).
Finally, suppose X is uncountable.
Change the construction of Lemma 2 by choosing {EUia,ß:ßE(&-{a})} to be a family of pairwise disjoint uncountable sets, modify the definition of Ty to read "cocountable subsets of By0 and Byi", and the result follows for Ac. Clearly we can extend this technique to higher cardinals.
Complementation
in A0. It has been shown [7] that the lattice of Ko-topologies on an infinite set is not complemented.
It is easy to extend a result of [2 ] to show that large classes of No-topologies have No-complements. Call a topological space X splittable iff X contains an infinite family of pairwise disjoint open sets. Call X a DN-space iff each point in X has at least one net in its complement that converges to it and whose range is a discrete subspace of X. If N is the set of isolated points in X, call (X -CIA7) the open kernel of X. Now Theorem 1 of [2] states that if (X, T) is a 7Vspace whose open kernel is empty or a splittable ZW-space, then T has a 7Vcomplement T' that is compact on cofinite subsets of X.
It is easy to see, using an argument like that for Lemma 3, that T' is Fréchet. In addition, if T is an No-topology, then T and T' are Nocomplements.
It has been noted that Fréchet 7\ topologies are N0-topologies. Remark 1. If T is a Fréchet Hausdorff topology, a locally compact Hausdorff N0-topology or a symmetrizable Hausdorff topology, then T has an N0-complement.
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Proof. Repeat the arguments of Corollaries 1, 2 and 3 of [2] . The ordinals through the first uncountable ordinal with the usual order topology yield a compact Hausdorff topology that is not an No-topology. Example 7.1 of [4] shows that a topology can be a compact Hausdorff N0-topology and fail to be Fréchet. The example is the one-point compactification of the space SI' of Isbell (see [6, p. 79] ).
4. An example. It may be of some interest to note that the methods of [2 ] also give one an easily pictured more elementary way of defining 2-complements for nice topologies than the all inclusive methods of [9] or [12] . We illustrate the preceding statement (this is why Theorem 2 is stated for cardinal c) and at the same time prove Notice that we can modify T at points away from Eo^JEx and the Si's and still have T' for a 7\-(N0-) complement. Specifically, suppose 5 is a 2V(N0-) topology on a set of cardinal c. Let A be a closed circular disc entirely contained in the part of Z70 below the x-axis. Topologize
R2
with T-open sets in R2 -A and a copy of 5 in A. Clearly this topology and T' are ZV (N0-) complements. If we omit (iv) from the definition of (T\ Y)' and modify (vi) to (vii) VVJ(R2-Y), VE(T\ Y)', we see that a similar result holds for 2. It is clear from the construction that T' has 22" TVcomplements (2C No-complements, since |A0| =2C if the base set has cardinal c [7, Theorem 3]). It is known [8] that there are topologies in 2 with 2* 2-complements.
Finally, notice that T' is a 7Vcomplement for much stronger topologies on R2 than T, for example, the radial topology of [S].
